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Abstract
After several remarks on two-weight irreducible cyclic codes, we introduce a family of projective two-
weight cyclic codes and a family of projective two-weight constacyclic codes and we discuss the existence
of such codes.
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1. Introduction
We assume that the reader is familiar with the theory of linear and cyclic codes over finite
fields.
1.1. Definitions
We first recall useful definitions.
Definition 1.
• A two-weight (one-weight) code is a code which has only two (one) non-zero weights.
• A projective code is a linear code such that the minimum weight of its dual code is at least
three.
E-mail address: wolfmann@univ-tln.fr.1071-5797/$ – see front matter © 2007 Elsevier Inc. All rights reserved.
doi:10.1016/j.ffa.2007.01.003
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polynomial representation is a minimal ideal). It is said to be non-degenerate if its check
polynomial is a primitive divisor of xn − 1 over Fq (that is, the order of this polynomial
is n).
• Let C be a linear code of length n over Fq . The code C is a constacyclic code if there
exists a non-zero element ω of Fq such that C is invariant under the permutation of Fnq :
(a0, a1, . . . , an−1) → (ωan−1, a0, . . . , an−2).
In this case, C is called a ω-constacyclic code.
Constacyclic codes are sometimes called pseudo-cyclic codes. Remark: a cyclic code is a ω-
constacyclic code with ω = 1. The structure of constacyclic codes is very similar to the structure
of cyclic codes. Useful results will be recalled in Section 4.
A lot of work was done on two-weight codes (see [1,2,8]) but only few results are known on
the case of cyclic codes, especially when these codes are projective. The complete classification
of two-weight cyclic codes is still an open problem. The following result was proved in [9]:
If C is a projective two-weight cyclic code of length n over Fq such that (n, q) = 1 then either
C is an irreducible cyclic code or C is the direct sum of two one-weight irreducible cyclic codes.
A problem is to find explicitly these codes. In this paper we restrict our search to irreducible
cyclic code.
If q = 2, every non-degenerate cyclic code is obviously projective. This is not true if q = 2
and we are now mainly interested in non-binary projective two-weight irreducible cyclic codes.
1.2. Semi-primitive codes
Special irreducible cyclic codes are the so-called semi-primitive codes.
Definition 2. Let C be an irreducible cyclic code of length n over Fq with (n, q) = 1. Let Fkq be
the splitting field of xn − 1 over Fq and let d be such that nd = qk − 1 and d  2.
C is a semi-primitive code if k = 2t and if there exists a divisor r of t such that qr ≡
−1 mod d .
The weight distribution of a semi-primitive code is given by the next proposition (see [1]
and [7]).
Proposition 3. Let C be a semi-primitive code and let the integers k, r, t, d, be defined as above.
The weight distribution of C is:
• n(d − 1) words of weight w1 = (q − 1)qt−1
[ qt−
d
]
,
• n words of weight w2 = (q − 1)qt−1
[ qt+(d−1)
d
]
where  = (−1) tr .
Again with the same notations we easily prove:
Corollary 4. A semi-primitive code is a two-weight code if and only if d = qt + 1.
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divisible by q − 1 and they conjecture that all these codes are semi-primitive except for a small
list of special cases.
1.3. Remarks
(1) Proposition 3 shows that if w1 and w2 are the non-zero weights of a semi-primitive code
over Fq , then |w1 − w2| is of the form (q − 1)qt−1. On the other hand, it was proved in [3] that
if w and w˜ are the two non-zero weights of a projective code over Fq , where q is a power of a
prime p, then |w − w˜| is a power of p. This proves that a semi-primitive code is not projective if
q = 2.
(2) If q = 2, every semi-primitive code is obviously projective. We now consider a semi-
primitive code over Fq with q = 2.
The Fq -linearity of a linear code over Fq implies that the number of words of a given weight
is a multiple of q −1. Hence, the result of Proposition 3 proves that the length of a semi-primitive
code over Fq is a multiple of q − 1. Thus, the length and the two non-zero weights w1 and w2 of
such a code over Fq are all multiple of q − 1. Furthermore, |w1 −w2| = (q − 1)qt−1. This leads
us to expect finding a projective two-weight cyclic code by dividing by q − 1 the length and the
weights of a semi-primitive code.
As we can see with the following counter-example, it is not always true.
Example: If C1 is a non-degenerate irreducible cyclic code over F3 of length n1 = 20 =
(3 − 1)10, then C1 is semi-primitive with non-zero weights 12 and 18. Now, if C is the unique
non-degenerate irreducible cyclic code over F3 of length n = 10 (with check polynomial x4 +
2x3 + x2 + 2x + 1), then its weights are 4, 6, 8, 10.
Nevertheless, the irreducible 2-constacyclic code of length n = 10 with check polynomial
x4 + 2x3 + x + 1 is a two-weight code with non-zero weights 6 and 9.
This leads to consider also constacyclic codes. The purpose of the paper now is to examine
the possibility to obtain projective two-weight cyclic or constacyclic codes from semi-primitive
codes.
Notation: If e ∈ Fqk then tr(e) is the trace of e over Fq .
The weight of a vector v is denoted by wt(v).
2. Projective two-weight codes
The following theorem is a characterization of projective codes (cyclic or not) in the set of
two-weight codes. The “only if ” part of this result was already proved in [9, Proposition 5].
Theorem 5. Let C be a two-weight code of length n and dimension k over Fq with non-zero
weights w1 and w2. Assume that the minimum weight of the dual of C is at least 2.
C is a projective code if and only if :
n2(q − 1) − [q(w1 + w2) − 1]n + (q
k − 1)w1w2
(q − 1)qk−2 = 0.
Proof. For 1 i  2, let Ai be the number of words of weight wi in C and let Bj be the number
of words of weight j in C⊥ (dual code of C).
If B1 = 0, the three first PLESS identities are (see [4] for the general result):
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A1w1 + A2w2 = n(q − 1)qk−1, (2)
A1w
2
1 + A2w22 =
{
n(q − 1)(n(q − 1) + 1)+ 2B2}qk−2. (3)
Let us consider the following polynomial over Z:
(x − w1)(x − w2) = a0 + a1x + x2.
The coefficients are a0 = w1w2, a1 = −(w1 + w2) and the combination a0(1) + a1(2) + (3)
gives:
A1
(
a0 + a1w1 + w21
)+ A2(a0 + a1w2 + w22)
= a0
(
qk − 1)+ a1n(q − 1)qk−1 + {n(q − 1)(n(q − 1) + 1)}qk−2 + 2B2qk−2.
From the definition of a0 and a1:
a0 + a1w1 + w21 = a0 + a1w2 + w22 = 0.
Finally
(q − 1)
{
n2(q − 1) − [q(w1 + w2) − 1]n + (q
k − 1)w1w2
(q − 1)qk−2
}
+ 2B2 = 0
which shows that B2 = 0 if and only if:
n2(q − 1) − [q(w1 + w2) − 1]n + (q
k − 1)w1w2
(q − 1)qk−2 = 0. 
3. Cyclic codes
The next proposition is classical.
Proposition 6. Let C be an irreducible cyclic code over Fq of length N such that (N,q) = 1 and
let Fqk be the splitting field of xN − 1 over Fq .
Let γ in Fqk such that the check polynomial of C is the minimal polynomial of γ−1 over Fq .
Then:
C = {ca = (tr(a), tr(aγ ), tr(aγ 2), . . . , tr(aγ i), . . . , tr(aγ N−1)) ∣∣ a ∈ Fqk}.
We now introduce a family of projective 2-weight cyclic codes and we present a conjecture.
Theorem 7. Let C be a non-degenerate irreducible cyclic code of length n over Fq with
(n, q) = 1. Let Fqk be the splitting field of xn − 1 over Fq and let d be such that nd = qk − 1.
If :
(1) (n, q − 1) = 1,
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(3) d = q − 1 and d = (q − 1)(qrs + 1),
then C is a projective two-weight code.
If the non-zero weights of C are w1 and w2 and if Ai is the number of words of weight wi
in C, then:
w1 = (q − 1)qrs−1
[
qrs − (−1)s
d
]
, w2 = w1 + (−1)sqrs−1,
A1 = qk − 1 − n(q − 1), A2 = n(q − 1).
Proof. Notation: If ξ belongs to F∗
qk
, then its minimal polynomial over Fq is denoted by mξ(x)
and the multiplicative sub-group of F∗
qk
generated by ξ is denoted by 〈ξ 〉.
Let β be in Fqk such that the check polynomial of C is mβ−1(x) and let θ be a generator of F∗q .
Define n1 = n(q − 1). From (n, q − 1) = 1 we deduce:
(i) The subgroup of F∗
qk
of order n1 is generated by γ = βθ and is the direct product of F∗q
and 〈β〉.
(ii) n1 divides qk − 1, the splitting field of xn1 − 1 over Fq is Fkq and n1 is the order of γ in F∗qk .
(iii) mγ−1(x) is a primitive divisor of xn1 − 1.
(iv) Since q −1 divides qk −1 we have q −1 divides d . Thus n1d1 = qk −1 for some integer d1
with d = (q − 1)d1.
Let C1 be the irreducible code of length n1 whose check polynomial is mγ−1(x). This code is
non-degenerate and a typical word of C1 is of the form:
c1a =
(
tr(a), tr(aγ ), tr
(
aγ 2
)
, . . . , tr
(
aγ i
)
, . . . , tr
(
aγ n1−1
))
with a ∈ Fqk .
According to (iii), we can re-order the power of γ as:
1, β,β2, . . . , βn−1θ, θβ, θβ2, . . . , θβn−1, . . . , θj , θjβ, θjβ2, . . . , θjβn−1 . . .
where j runs in the range [0, q − 2].
Since tr(aθjβm) = θj tr(aβm), then by using a convenient permutation the word c1a becomes:
d1a =
(|ca|θca| . . . |θj ca| . . . |θq−2ca|) (4)
with ca = (tr(a), tr(aβ), . . . , tr(aβn−1)) which belongs to C and where vertical bars denote con-
catenation.
Obviously, the map from C1 to C such that c1a → ca is a vector isomorphism. Now observe
that wt(θj ca) = wt(ca). This gives:
∀a ∈ Fqk wt(c1a ) = (q − 1)wt(ca). (5)
Now assume k = 2rs such that (q − 1)(qr + 1) ≡ 0 mod d .
Dividing by q − 1 we obtain: qr ≡ −1 mod d1, with d1  2 since d = q − 1.
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code of length n1 and dimension k. Since d = (q − 1)(qrs + 1) then d1 = qrs + 1. We deduce
from Proposition 3 and Corollary 4 that the non-zero weights of C1 are:
w
(1)
1 = (q − 1)qrs−1
[
qrs − 
d1
]
,
w
(1)
2 = (q − 1)qrs−1
[
qrs + (d1 − 1)
d1
]
where  = (−1)s .
By using (5) and with d1 = dq−1 we obtain the expected results for the weights of C.
According to (4), for i = 1,2, the number Ai is the number of words of weight w(1)i in the
semi-primitive code C1 and is given by Proposition 3.
We check that C is a projective code by applying Theorem 5 with n = q2rs−1
d
. 
Remark: If q = 2, the codes introduced in the theorem are semi-primitive.
Examples: (1) q = 3, n = 91, k = 6, d = 8, r = 1, s = 3, w1 = 63, w2 = 54, A1 = 546,
A2 = 182.
(2) q = 8, n = 65, k = 4, d = 63, r = 1, s = 2, w1 = 56, w2 = 64, A1 = 3640, A2 = 455.
Conjecture 8. Any projective two-weight non-degenerate irreducible cyclic code is a code satis-
fying conditions (1)–(3) of Theorem 7 except for a small number of special cases deduced from
Table I in [5].
For example, with q = 3, n = 11, k = 5, w1 = 6, w2 = 9.
4. Constacyclic codes
Preliminary facts: The proofs of the following facts on constacyclic codes are very similar to
those of the analogous results on cyclic codes and are left to the reader.
F1: A subset C of Fnq is a ω-constacyclic code if and only if its polynomial representation is
an ideal of Fq [x]/(xn − ω).
This ideal is a principal ideal generated by a unique monic divisor g(x) of xn − ω in Fq [x],
called the generator of C.
The check polynomial of C is defined as h(x) such that xn −ω = g(x)h(x) and the dimension
of C is equal to the degree of h(x).
The constacyclic code C is called irreducible if its check polynomial is irreducible over Fq .
F2: The splitting field of xn − ω over Fq is the splitting field of xne − 1 over Fq where e is
the multiplicative order of ω in Fq .
F3: If e is the multiplicative order of ω in Fq then any divisor of xn − ω is also a divisor of
xne − 1. (This comes from xe − 1 =∏e−1i=0 (x − ωi).)
Another important result is the next proposition which is not new. We give a proof here for
sake of convenience.
Proposition 9. Let C be a ω-constacyclic code of length n over Fq with (n, q) = 1. Let h(x) be
the check polynomial of C and let e be the multiplicative order of ω in Fq .
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C¯ = {v¯ = |ωe−1v|ωe−2v| . . . |ωe−j v| . . . |v|: v ∈ C}.
Proof. Let g(x) and g¯(x) be respectively the generators of C and C¯.
Remark xne − 1 = (xn)e − ωe and expand (xn)e − ωe. We find:
xne − 1 = (xn − ω)
e−1∑
i=0
ωe−i−1xni .
From xn − ω = g(x)h(x) and xne − 1 = g¯(x)h(x) we deduce
g¯(x) = g(x)
e−1∑
i=0
ωe−i−1xni .
Let k be the degree of h(x). This is the dimension of C. A polynomial representation of a
word v of C is c(x) = u(x)g(x) where the degree of u(x) is at most n − k − 1. Multiplying
by u(x) the two sides of the equation above and define c¯(x) = u(x)g¯(x), we have
c¯(x) =
e−1∑
i=0
ωe−i−1xnic(x).
Since the degree of c(x) is at most n − 1, it follows that the degree of ωe−i−1xnic(x) is at
most n(i + 1) − 1 and the smallest degree of its monomials is at least ni. Therefore:
v¯ = |ωe−1v|ωe−2v| . . . |ωe−j v| . . . |v|
where v¯ is the vector represented by c¯(x).
Obviously v¯ belongs to C¯. On the other hand, the map Ψ from C to Fneq defined by Ψ (v) = v¯,
is a on-to-one Fq -linear map and thus Ψ (C) is a linear code such that Ψ (C) ⊂ C¯. Since C and
C¯ have the same dimension which is the degree of h(x) and because C and Ψ (C) also have the
same dimension, we conclude that Ψ (C) = C¯ which is the expected result. 
Theorem 10. Let ω be in Fq and let e be the multiplicative order of ω in Fq .
Let C be a ω-constacyclic code of length n over Fq with (n, q) = 1. Let Fkq be the splitting
field of xn − ω over Fq and let d be such that nd = qk − 1. If :
(1) d = e,
(2) the check polynomial of C is a primitive irreducible divisor of xne − 1 over Fq ,
(3) k = 2rs such that e(qr + 1) ≡ 0 mod d ,
(4) d = e(qrs + 1),
then:
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w1 = (q − 1)qrs−1
[
qrs − (−1)s
d
]
, w2 = w1 + (−1)sqrs−1
(
q − 1
e
)
.
If Ai denote the number of words of weight wi in C, then:
A1 = qk − 1 − ne, A2 = ne.
(II) C is a projective two-weight code if and only if ω is a primitive root of Fq .
Proof. We use the notation of Proposition 9.
(I) This proposition shows that c¯(x) is the repetition of e polynomials whose weights are all
equal to the weight of c(x). Therefore:
wt
(
c¯(x)
)= ewt(c(x)).
All what we have to do now is to find the weights of C¯.
Define n¯ = ne and d¯ such that qk − 1 = n¯d¯ . Observe nd = qk − 1 = n¯d¯ = ned¯ and d = ed¯ .
Using e(qr + 1) ≡ 0 mod d (condition (3) of the theorem) we obtain:
qr ≡ −1 mod d¯, with d¯  2 since d = e.
This means that C¯ is a semi-primitive code of length n¯ and dimension k.
Since d = e(qrs + 1) then d¯ = qrs + 1. We deduce from Proposition 3 and Corollary 4 that C¯
is a two-weight code and its non-zero weights are:
w¯1 = (q − 1)qrs−1
[
qrs − 
d¯
]
,
w¯2 = (q − 1)qrs−1
[
qrs + (d¯ − 1)
d¯
]
where  = (−1)s , or, with d¯ = d
e
and dividing by e, the weights of C are:
w1 = (q − 1)qrs−1
[
qrs − (−1)s
d
]
, w2 = w1 + (−1)sqrs−1
(
q − 1
e
)
.
Proposition 9 shows that, for i = 1,2, the number Ai is the number of words of weight w¯i in the
semi-primitive code C¯ and thus A1 and A2 are given by Proposition 3.
(II) The order of a primitive root of Fq is q − 1. We check that C is a projective code if and
only if e = q − 1 by applying Theorem 5 with n = q2rs−1
d
and w1, w2 as above. 
Examples of projective two-weight constacyclic codes:
(1) q = 3, n = 10, ω = 2, k = 4, d = 8, r = 1, s = 2.
Check polynomial: x4 + 2x3 + x + 1.
w1 = 6, w2 = 9, A1 = 60, A2 = 20.
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Check polynomial: x4 + 4x2 + 5.
w1 = 14, w2 = 7, A1 = 2304, A2 = 96.
Remark: If d = q − 1, then n = qk−1
q−1 . In this case, the code C could be a 1-weight code
(see [9]). In fact, it is proved in [6] that this situation occurs if and only if (n, q − 1) = 1.
We are now facing the problem of the existence of codes obtained by Theorem 10. When
can we find a check polynomial satisfying conditions (1) and (2) of this theorem? The answer
follows.
Proposition 11. For any primitive divisor h(x) of xn(q−1) − 1 over Fq there exists a primitive
root ω of Fq such that h(x) divides xn − ω.
Proof. Recall from Section 1.3, that the length of a semi-primitive code is of the form n(q − 1).
Let γ be in Fqk such that h(x) is the minimal polynomial of δ = γ−1.
Since xq−1 −1 =∏q−2i=0 (x − θi) where θ is a generator of F∗q , then xn(q−1) −1 =∏q−2i=0 (xn −
θi) and h(x) divides xn −ω where ω = θi for some i. From h(δ) = 0 it follows that δn −ω = 0.
Let r be the order of ω in F∗q . The last equality proves that δnr = 1 and this means that nr is
a multiple of the order of δ which is n(q − 1). Equivalently: r is a multiple of q − 1. Because
r  q − 1, finally r = q − 1 and ω is a primitive root of Fq . 
5. Comments
The projective codes we obtain by using Theorems 7 and 10, both are shortened codes ob-
tained by dividing by q − 1 the length and the weights of a semi-primitive code. It depends not
only on the parameters of the semi-primitive code we use but also on the choice of the check
polynomial of this code.
As a consequence of Proposition 11, it is always possible to obtain a projective two-weight
irreducible constacyclic code by applying Theorem 10. The situation could be different when
applying Theorem 7.
Sometimes, hypotheses of Theorems 7 and 10 are both satisfied, sometimes only for Theo-
rem 10. It could happen that two-weight irreducible cyclic codes exist but are not projective,
etc.
Examples: (A) Irreducible cyclic code and irreducible constacyclic code over Fq with same
length, dimension and weight distribution.
q = 5, n = 93, k = 6.
• Theorem 7: C irreducible (93,6) cyclic code over F5.
Check polynomial of C: h(x) = x6 + 2x5 + 4x4 + 3x3 + 3x2 + 1 (primitive divisor of
x93 − 1 over F5).
Weight distribution of C: 372 words of weight 50, 15 252 words of weight 75.
• Theorem 10: C˜ irreducible (93,6) 2-constacyclic code over F5.
Check polynomial of C˜: h˜(x) = x6 + 4x5 + x4 + 4x3 + 3x2 + 4 (primitive divisor of
x93×6 − 1 and of x93 − 2 over F5).
Weight distribution of C˜: 372 words of weight 50, 15 252 words of weight 75.
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constacyclic code exists.
q = 3, n = 10.
• The weights of the unique non-degenerate irreducible cyclic code over F3 of length n = 10
with check polynomial x4 + 2x3 + x2 + 2x + 1, are 4, 6, 8, 10.
• Theorem 10: the 2-constacyclic code of length n = 10 with check polynomial x4 + 2x3 +
x +1 is a projective two-weight code with 60 words of weight 6 and 20 words of weight 9.
(This is the example of the introduction, Section 1.3, remark (2).)
q = 7, n = 16.
• Every irreducible cyclic code is a 1-weight code with w = 14 as unique non-zero weight
(every word is the concatenation of two words of a simplex code of length 8).
• Theorem 10: the 5-constacyclic code with check polynomial x4 + 4x2 + x + 5 is a pro-
jective two-weight code with 96 words of weight 7 and 2304 words of weight 14.
(C) Every irreducible cyclic code of length n is a two-weight code but is not projective.
q = 5, n = 12.
• Every irreducible cyclic code of length 12 over F5 is semi-primitive with non-zero
weights 8 and 12 and therefore is not projective (Section 1.3, remark (1)).
• Theorem 10: the 3-constacyclic code with check polynomial x4 + 3x2 + 3 is a projective
two-weight code with 48 words of weight 5 and 576 words of weight 10.
6. Conclusion
By shortening semi-primitive codes, we have introduced two classes of projective two-weight
codes which are irreducible cyclic or constacyclic. The question now is: are there other ways to
obtain such codes? Is conjecture 8 true or not? More generally, the complete classification of
projective two-weight codes which are cyclic or constacyclic remains an open problem.
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